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Introduction
As we already have seen, transport costs play a very important

role in (traditional) Urban Economics. Now we are going to

consider congestion.

The aim of Slides B is to better understand the congestion

model in Chapter 5 of the text book of Brueckner (see Slides

A). In fact the analysis in this chapter is in some sense a game

theoretical one, but the game theory is hidden. In addition the

model makes some heroic assumptions.

The nice thing is that, as we shall see, it is very well possible to

make the game theory explicit. In doing so the model becomes

more realistic.

Below You can find a quick and efficient route for understanding

the very basics of congestion games.
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Simple traffic network

Let us start with a very simple example by considering the

following traffic network:

bc ⊕

⊗

⊗

1
2

3 4

c1(T ) = 2T
c2(T ) = 7T − 5

c3(T ) = 8T
c4(T ) = 8

3T 2 + 16
3
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Simple traffic network (ctd.)

The intended interpretation is as follows.

• Each morning n commuters want to go from node (i.e.

place) © to node
⊕

.

• There are 4 roads: 1, 2, 3, 4. The configuration of these

roads makes that there are two possible routes for

commuting: roads 1–2 (route 1) and roads 3–4 (route 2).

• cj(T ) denotes the costs for a commuter of using road j if T

commuters use this road. (So this costs are the same for

all commuters who take the road.)
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Questions

Questions we want to answer:

• How the commuters will behave?

• Is this behaviour social optimal?

• Is it Pareto efficient?

• What is the price of anarchy?

We shall answer these questions by looking to these questions

from a game theoretical perspective.
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Game structure

We further also refer to the possible routes as strategy and to

a commuter as player . We label the players by 1,2, . . . ,n.

Let xi be the strategy of player i . Thus xi = 1 (route 1) or

xi = 2 (route 2). Denote by (x1, . . . , xn) a strategy profile , i.e.

player 1 plays x1, player 2 plays x2, etcetera.

We suppose that the commuters simultaneously and

independently choose a route. (This will make that we in fact

are dealing with non-cooperative game theory.)
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Analysis

First let us suppose n = 2, i.e. that there are 2 commuters.

Denote by C1(x1, x2) the total costs of commuter 1 if this

commuter chooses strategy x1 and commuter 2 strategy x2.

Define C2(x1, x2) is the same way.

For example: at the strategy profile (2,1) (i.e. player 1 takes

route 2 and player 2 takes route 1), player 1 has costs 8 · 1 for

road 3 and 8
312 + 16

3 = 8 for road 4, thus C1(2,1) = 8 + 8 = 16.

And for player 2 this leads to C2(2,1) = 2 + 2 = 4.



Transport II

Analysis (ctd)

We find

C1(1,1) = 13, C2(1,1) = 13

C1(1,2) = 4, C2(1,2) = 16

C1(2,1) = 16, C2(2,1) = 4

C1(2,2) = 32, C2(2,2) = 32

This can be represented as follows by means of a so-called

bimatrix:
(

13;13 4;16

16;4 32;32

)

.
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(

13;13 4;16

16;4 32;32

)

.

A simple game theoretic analysis shows (and we shall see this

in a moment again), making standard assumptions (like that

commuters like to minimise their costs) the following.

Prediction of behaviour : both choose route 1.

Social optimal : each commuter chooses a different route.

We see:

Equilibrium is not social optimal. However, equilibrium is Pareto

efficient.

Price of anarchy = 26
20 = 1.3.
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More commuters

Now consider the more general case of n commuters. Let us

calculate the payoffs in a strategy profile x = (x1, x2, . . . , xn).

If n1 commuters choose strategy 1 and n2 commuters choose

strategy 2, then for each player i

• If xi = 1, then, Ci(x) = c1(n1) + c2(n1).

• If xi = 2, then Ci(x) = c3(n2) + c4(n2).

Here it is more difficult to answer our questions (as this

situation cannot be represented by a bimatrix). We shall come

back too it later.
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Outlook

Our questions (do You still remember which ones?), can be

handled by means of the following fundamental game theoretic

notions.

• Nash equilibrium.

• Social optimum.

• Pareto efficient strategy profile.

• Price of anarchy (in case of congestion games).

But we begin at the very beginning.
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What is game theory?

One may say: Game theory is the study of interactive decision

making–that is, in situations where each person’s action affects

the outcome for the whole group.

More precisely:

Traditional game theory deals with mathematical mod-

els of conflict and cooperation in the real world between

at least two rational intelligent players.

• ‘Traditional’ because of rationality assumption.

• Player: individuals, organisations, countries, animals,

computers, ... .

• Situations with only one player are studied in classical

optimisation theory.
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What is game theory? (ctd.)

• Applications.
• Parlour games
• Economics: Nobel prices in 1994 for Nash, Harsanyi and

Selten, in 2005 for Aumann and in 2007 for Meyerson and
Maskin.

• Sociology, psychology, antropology, politocology.
• Military strategy.
• Biology (evolutionary game theory).
• Design of computer games and robots.

• Game theory provides a language that is very appropriate

for conceptual thinking.

• Many game theoretical concepts can be understood

without higher mathematics.

• Aim of game theory is to understand/predict how games

will be played.
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Game in strategic form

Now we start with the formal theory. The important object for us

is the notion of game in strategic form .

In a game in strategic form

• there are n players;

• each player has a set of possible strategies;

• choices are made simultaneously and independently.

If player 1 chooses strategy x1, player 2 strategy x2, ... , player

n strategy xn, then this leads for player i to a payoff

fi(x1, . . . , xn).
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Game in strategic form (ctd.)
We already have seen that this is exactly what happens in the

motivating example with an arbitrary number of commuters. (Of

course now here fi = −Ci .)

In fact many economic games have this form. As an example

we mention here the topic of industrial organization. The

modern theory of industrial organization heavily relies on game

theory; various market forms are considered, like that of

Cournot Oligopoly . The Cournot Oligopoly is one of the oldest

economic games.

A Cournot Oligopoly concerns firms in a competitive setting.

There are various variants. Let us here briefly consider the

homogeneous duopoly: ‘duopoly’ concerns the assumption of

two firms and ‘homogeneous’ that the firms sell the same

article.
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Cournot Oligopoly (ctd.)

The model is as follows: the firms, 1 and 2, simultaneously and

independently supply an amount of the article to the market

and then can sell it for a price depending on the total amount.

With xi the amount for firm i , the total amount is X = x1 + x2

and the price is P(X ). The function P is called price function

(or inverse demand function). With ci the cost function of firm i

the profit function of firm i , being revenue minus costs, is

πi(x1, x2) = P(x1 + x2)xi − ci(xi ).
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Bimatrix game

As we also already have seen in the motivating example, this

situation becomes simpler in the case of two players. Then the

game boils down to a bimatrix game.

So in a bimatrix game

• there are 2 players, player 1 and player 2.

• each player has a finite number of strategies: player 1

chooses a row and player 2 a column.

• choices are made simultaneously and independently.



Transport II

Bimatrix game (ctd.)

Consider, for example, the bimatrix game





3;3 2;2
7;−1 −3;1
1;2 12;−9



 .

• This is a 3 × 2-bimatrix game, i.e. it has 3 rows and 2

columns.

• Player 1 chooses a row: row 1, row 2 or row 3; so player 1

has 3 strategies. Player 2 chooses a column: column 1 or

column 2; so player 2 has 2 strategies.

• At the strategy profile (3,2), i.e. row 3 and column 2, player

1 has payoff 12 and player 2 has payoff −9.
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Many games can be represented in a natural way as a bimatrix

game. For example stone-paper-scissors:





0;0 −1;1 1;−1

1;−1 0;0 −1;1
−1;1 1;−1 0;0





Indeed: first strategy is stone, second paper and third scissors.

If players make the same choice, then it is draw: payoffs 0 for

both. If players make a different choice, then there is a winner

with payoff 1 and a looser with payoff −1.

The above game is an example of zero sum game, i.e. a game

where the sum of the payoffs at each cell of the bimatrix is zero.
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Fundamental notions

Now we are ready to define the notions we need. These

notions are not only very useful for our congestion model, but

also in the modelling of various economic problems.

Consider a game in strategic form.

• Strategy of a player: completely elaborated plan of

playing.

• Strategy profile : for each player a strategy.

• Nash equilibrium : strategy profile such that no player

wants to deviate from it.

• Social optimum : a strategy profile where the sum of the

payoffs is maximal.
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• Pareto efficient strategy profile : a strategy profile is Pareto

efficient if there is no other strategy profile in which at least

one player is better of and no player is worse off.

Pareto efficiency, in fact, is the usual efficiency notion in

economics. Many students think that they understand the

definition, but then it turns out (may be already in a moment)

that they have problems in order to apply it in simple contexts.

Of course (do You see this?) a social optimum is Pareto

efficient.
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Price of anarchy

The Price of Anarchy is a quite modern concept in economics

and game theory. It measures how the efficiency of a system

degrades due to selfish behaviour of its agents. It is a general

notion that can be extended to diverse systems and notions of

efficiency.

In context of the motivating example: (so in terms of ‘costs’

instead of payoffs)

Price of anarchy

=
Maximal total costs in Nash equilibria

Total costs in social optimum
.
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Examples

1.








2;4 1;4 4;3 3;0
1;1 1;2 5;2 6;1
1;2 0;5 3;4 7;3
0;6 0;4 3;4 1;5









.

Nash equilibria: (1,1), (1,2), (2,2) and (2,3).

Social optima: (3,4).
Pareto efficient strategy profiles: (3,3), (3,4), (4,1), (4,4).
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Examples (ctd.)

2.





6;1 3;1 1;5
2;4 4;2 2;3
5;1 6;1 5;2





Nash equilibria: (3,3).
Social optima: (1,1), (3,2), (3,3).
Pareto efficient strategy profiles:

(1,1), (1,3), (2,1), (3,2), (3,3).
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Examples (ctd.)

3.

(

1;0 3;1 6;0
2;1 4;1 8;1

)

.

Nash equilibria: (2,1), (2,2), (2,3).
Social optima: (2,3).
Pareto efficient strategy profiles: (2,3).
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Examples (ctd.)

4.





6;1 3;1 1;5
2;4 4;2 2;3
5;3 6;1 5;2





Nash equilibria: none.

Social optima: (3,1).
Pareto efficient strategy profiles:

(1,1), (1,3), (2,1), (3,1), (3,2).
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Examples (ctd.)

5.
(

1;0 1;2 0;4
)

.

Nash equilibria: (1,3).
Social optima: (1,3)
Pareto efficient strategy profiles: (1,2), (1,3).

You can test Your understanding of these notions in Exercises

1, 2 .

Now it also may be a good idea to reconsider the motivating

example.
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John Nash

• John Nash (1928 – 2015).

• Mathematician. (Economist ?)

• Nobel price for economics in 1994, together with Harsanyi

and Selten.

• Abel Price for mathematics in 2015. Just after having

received it he was killed in a car crash.

• Got this price for his PhD dissertation (27 pages) in 1950.
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Finally

(New course) in period 4, 2023: Game Theory.

You are very welcome!
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Model setup

It should be clear from the motivating example, how one can

set up a general congestion model. In an abstract way this

looks as follows.

• Each player chooses (simultaneously and independently) a

particular combination of resources out of a common set of

resources.

• With each resource is associated a (may be player

specific) cost that depends on the number of players who

include it in their choice. (So for this cost it does not matter

which players are using a specific resource, only how

many players are using it.)

• The total cost for a player is the sum of the costs

associated with the resources included in his choice.
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Comparing with text book model

Let us compare this congestion model now with the text book

model.

1. General transport network instead of one single freeway

and some alternate routes.

2. Each road may have own cost function.

3. Costs may be player dependent.

4. Finite many players instead of an infinite number.

5. Equilibrium may be or may be not a social optimum;

depends on network and costs.

6. We can address Braess’ paradox.
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Fundamental result

There are various results about congestion games, like the

existence of Nash equilibria. The first one was:

Theorem
Rosenthal; A Class of Games Possessing Pure-Strategy

Equilibria; International Journal of Game Theory; 1973.

Pioneers concerning congestion games: Rosenthal, Milchtaich,

Monderer, and Shapley (Nobel Prize Economics).
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What is the paradox about?

The Braess’ Paradox is named after the mathematician Dietrich

Braess. It states that adding a link to a transportation network

can increase the travel cost for all commuters in the network. It

is a counterintuitive phenomenon.

The paradox occurs only in networks in which the commuters

operate independently and noncooperatively, in a decentralized

manner.

In fact the Braess’ Paradox also occurs in other types of

networks. This makes this paradox extra interesting!
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Real world examples

Let us now look to the following Youtube video:

https://www.youtube.com/watch?v=cALezV_Fwi0

Not only in Seoul as mentioned in this video, but also in other

cities as New York and Stuttgart has been analysed

scientifically.

https://www.youtube.com/watch?v=cALezV_Fwi0


Transport II

Netlogo

Below You find an analytic analysis of the Braess’ paradox by

means of a simple situation. Have a look to it if You are

interested. You can deal with this paradox by means the agent

based modelling Netlogo program.
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Exemplary example

bc ⊕

⊗

⊗

1
2

3 4

c1(T ) = T/100
c2(T ) = 45

c3(T ) = 45
c4(T ) = T/100
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Exemplary example (ctd.)

Strategy 1 is roads 1-2, strategy 2 is roads 3-4. At strategy

profile x = (x1, x2, . . . , xn), nk is number of commuters taking

strategy k .

Total cost function

Ci(x) =

{ n1
100

+ 45 if xi = 1,
45 + n2

100
if xi = 2.

Exercises 3, 4 deals with this traffic network in the case of two

commuters. Below we continue with a more realistic case:

4000 commuters.
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Total cost function

Ci(x) =

{ n1

100
+ 45 if xi = 1,

45 + n2
100 if xi = 2.

Claim: each strategy profile x with n1 = n2 = 2000 is a Nash

equilibrium and therein each commuter has total costs 65.

In order to see this, first note C1(x) = C2(x) = 65. And if

commuter i changes his strategy xi , then,

• if xi = 1, then total costs become 45 + 2001
100 > 65;

• if xi = 2, then total costs become 2001
100 + 45 > 65.
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Exemplary example (ctd.)

Now add a costless route:

bc ⊕

⊗

⊗

1
2

3 4

c1(T ) = T/100
c2(T ) = 45

cT (k) = 45
c4(T ) = T/100

5

c5 (T ) =
0

Strategy 3 is roads 1-5-4.

Total cost function

Ci(x) =







n1+n3

100 + 45 if xi = 1,

45 + n2+n3

100 if xi = 2,
n1+n3

100 + n2+n3

100 if xi = 3.
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Ci(x) =







n1+n3

100
+ 45 if xi = 1,

45 + n2+n3

100 if xi = 2,
n1+n3

100 + n2+n3

100 if xi = 3.

Claim: each x with n3 = 4000 (i.e. each commuter chooses

strategy 3) is a Nash equilibrium and therein each commuter

has total costs 80.

In order to see this, first note that C1(x) = C2(x) = 80. And if

commuter i changes his strategy xi , then,

• if xi = 1, then total costs become 1+3999
100 + 45 = 85 > 80.

• if xi = 2, then total costs become 45 + 1+3999
100 = 85 > 80.

Conclusion: As 80 > 65, adding a route makes the situation for

the commuters worse!
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Further reading

Yaron Hollander and Joseph N. Prashker, the applicability of

non-cooperative game theory in transport analysis,

Transportation (2006) 33:481-496.
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